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a b s t r a c t
We prove a conjecture of Spiga by showing that the number of nonisomorphic Cayley
digraphs ofZnp , p a prime, that are not CI-digraphs ofZ
n
p approaches infinity as n approaches
infinity.
© 2009 Elsevier B.V. All rights reserved.
In the past few decades, there has been considerable interest in the Cayley Isomorphism Problem, which in its most
general form is to determine necessary and sufficient conditions for two Cayley digraphs of a group G (see Definition 1) to
be isomorphic. Usually, the conditions are presented as a list of explicit isomorphisms which must be checked to determine
isomorphism. That is, two Cayley digraphs of G are isomorphic if and only if they are isomorphic by one of the possible
isomorphisms on the list determined.Most attention has been focused on finding so-called CI-groupswith respect to digraphs,
which are groups in which the explicit list of possible isomorphisms is as short as possible. That is, to say that G is a CI-group
with respect to digraphs means that two Cayley digraphs of G are isomorphic if and only if they are isomorphic by a group
automorphism of G. See [8] for a relatively recent survey on the Cayley Isomorphism Problem. Perhaps the most interesting
groups forwhich the Cayley IsomorphismProblemhas not been settled are elementary abelian groups of prime power order,
or Znp , p a prime. It is known that Z
n
p is a CI-group with respect to digraphs for n = 1 [11], 2 [6], 3 [4], and 4 [7]. For n = 5,
it is known that Z5p is a CI-group with respect to digraphs for p = 2 [2] and 3 [10]. It is also known that Znp is not a CI-group
with respect to digraphs for n ≥ 4p − 2 [9], and that Zn3 is not a CI-group with respect to digraphs if n ≥ 8 [10]. For other
values of n not discussed above, it is not known whether Znp is a CI-group with respect to digraphs.
Definition 1. Let G be a group and S ⊂ G. We define the Cayley digraph of Gwith connection set S, denoted asΓ = Cay(G, S),
to be the digraph with V (Γ ) = G and E(Γ ) = { Ehk : h−1k ∈ S}.
Note that gL : G→ G given by gL(x) = gx is an automorphism of every Cayley digraph Γ of G, and so GL = {gL : g ∈ G} ≤
Aut(Γ ). GL is the left-regular representation of G.
Define two equivalence relations ∼1 and ∼2 on the power set of Znp by S∼1 T if and only if Cay(Znp, S) ∼= Cay(Znp, T ),
while S∼2 T if and only if ϕ(S) = T for some ϕ ∈ Aut(Znp). We set o1 to be the number of equivalence classes of ∼1 and
o2 to be the number of equivalence classes of o2. Clearly ∼2 is a refinement of ∼1, and so o1 ≤ o2. Set f (p, n) = o2 − o1,
and observe that f (p, n) = 0 if and only if Znp is a CI-group with respect to digraphs. A Cayley digraph Γ of G is a CI-digraph
of G if whenever Γ ′ is another Cayley digraph of G, then Γ and Γ ′ are isomorphic if and only if a group automorphism is an
isomorphism. Thus G is a CI-group with respect to digraphs if and only if every Cayley digraph of G is a CI-digraph of G.
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For values of n for which it is known that Znp is not a CI-group with respect to digraphs, we are still left with the problem
of determining the isomorphism classes of Cayley digraphs of Znp . It is not clear, however, that this problem is tractable.
Specifically, Spiga conjectures [10, Conjecture] that:
Conjecture 2.
lim
n→∞ f (p, n) = ∞.
In this note, we will verify this conjecture. For permutation group terminology not defined here, see [3].
Definition 3. Let G be an imprimitive group with B a complete block system of G. Define g/B : SB → SB (here SB is the
symmetric group onB) by (g/B)(B) = B′ if and only if g(B) = B′, and let G/B = {g/B : g ∈ G}. Hence G/B is the canonical
action of G onB.
The following characterization of the CI-property is found in [1] and will be useful here.
Lemma 4. For a Cayley digraph Γ of a group G the following are equivalent:
(1) Γ is a CI-digraph of G,
(2) whenever γ ∈ SG is such that γ−1GLγ ≤ Aut(Γ ), then GL and γ−1GLγ are conjugate in Aut(Γ ).
Our proof is based upon a wreath product construction, so we define here wreath products for both digraphs and groups.
Definition 5. Let Γ1 and Γ2 be digraphs. Define a digraph Γ1 o Γ2, the wreath product of Γ1 and Γ2, by V (Γ1 o Γ2) =
V (Γ1)× V (Γ2) and E(Γ1 o Γ2) = { E(x1, y1)(x2, y2) : x1 = x2 and Ey1y2 ∈ E(Γ2) or Ex1x2 ∈ E(Γ1)}.
Definition 6. Let G ≤ SX and H ≤ SY . Define a group G o H ≤ SX×Y , the wreath product of G and H , to be the group acting
on X × Y that consists of all permutations of the form (x, y)→ (g(x), hx(y)), where g ∈ G and each hx ∈ H .
The following result is [5, Theorem 5.7] restated for digraphs (the original is stated for color digraphs), and gives the
relationship between the (finite) digraph and group wreath product.
Theorem 7. For any finite vertex-transitive digraph Γ ∼= C o D, if Aut(Γ ) 6= Aut(C) o Aut(D) then there are some natural
numbers s1 > 1 and s2 > 1 for which C ∼= C ′ o Ks1 , D ∼= Ks2 o D′, and Aut(Γ ) = Aut(C ′) o (Ss1s2 o Aut(D′)).
Theorem 8. Let p be an odd prime. The number of nonisomorphic Cayley digraphs of an elementary abelian p-group G of rank n
that are not CI-digraphs of G is arbitrarily large for sufficiently large n. Additionally,
lim
n→∞ f (p, n) = ∞.
Proof. We claim that the number of nonisomorphic Cayley digraphs ofZnp that are not CI-digraphs ofG is at least the number
of nonisomorphic Cayley digraphsZn−1p that are not CI-digraphs ofZn−1p times the number of nonisomorphic Cayley digraphs
of order p that are not complete graphs or the complement of a complete graph. LetΓ1 be a Cayley digraph ofZn−1p that is not
a CI-digraph of Zn−1p , and let Γ2 be any Cayley digraph of Zp that is not a complete graph or the complement of a complete
graph. Note that as p ≥ 3, there are at least two choices for Γ2, namely cycles directed in each direction. Our claim will
then imply that the number of Cayley digraphs of Znp that are not CI-digraphs of Z
n
p is at least twice the number of Cayley
digraphs of Zn−1p that are not CI-digraphs of Zn−1p . As for n ≥ 4p − 2 there is at least one non-CI-digraph of Znp , there are
thus an arbitrarily large number of Cayley digraphs of Znp that are not CI-digraphs of Z
n
p for sufficiently large n. This will
then establish that limn→∞ f (p, n) = ∞, as each equivalence class of ∼1 of a non-CI-digraph of Znp contains at least two
equivalence classes of∼2.
We now prove the claim. As Γ2 has prime order and is not a complete graph or its complement, it cannot be the
case that Aut(Γ2) = Ss2 o D′ for any s2 > 1 that divides p. Otherwise, if such s2 and D′ exist, then D′ has order 1,
Ss2 o Aut(D′) = Ss2 , and so Γ2 is a complete graph or the complement of a complete graph. We conclude by Theorem 7
that Aut(Γ1 o Γ2) = Aut(Γ1) o Aut(Γ2). Then Aut(Γ1 o Γ2) admits a unique complete block system B consisting of pn−1
blocks of size p formed by the orbits of 1S
Zn−1p
o Aut(Γ2). Now suppose that Γ1 o Γ2 is a CI-digraph of Znp . Let γ ∈ SG be
such that γ−1(Znp)Lγ ≤ Aut(Γ1 o Γ2). By Lemma 4 there exists δ ∈ Aut(Γ1 o Γ2) such that δ−1γ−1(Znp)Lγ δ = (Znp)L. By
Lemma 4, there exists γ1 ∈ SZn−1p such that γ−11 (Zn−1p )Lγ1 ≤ Aut(Γ1) and γ−11 (Zn−1p )Lγ1 and (Zn−1p )L are not conjugate
in Aut(Γ1). Let γ = (γ1, 1) (acting on Zn−1p × Zp and 1 is the identity permutation in the second coordinate). Then
γ−1(Znp)Lγ = γ−11 (Zn−1p )Lγ1 × (Zp)L ≤ Aut(Γ1 o Γ2). If there exists δ ∈ Aut(Γ ) such that δ−1γ−1(Znp)Lγ δ = (Znp)L,
then as γ−1(Znp)γ /B = γ−11 (Zn−1p )Lγ1, we would have that (δ−1/B)γ−11 (Zn−1p )Lγ1(δ/B) = (Zn−1p )L and δ/B ∈ Aut(Γ1) as
(Aut(Γ1) o Aut(Γ2))/B = Aut(Γ1). This, however, is impossible, establishing the result. 
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